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Abstract
Let R = R0 ⊕ R1 ⊕ R2 ⊕ · · · be a graded algebra over a field K such that R0 is a finite product of copies of K and each Ri is
finite dimensional over K . Set J = R1 ⊕ R2 ⊕ · · · and S = ⊕n≥0 ExtnR(R/J, R/J ). We study the properties of the categories of
graded R-modules and S-modules that relate to the noetherianity of R. We pay particular attention to the case when R is a Koszul
algebra and S is the Koszul dual to R.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction and preliminary remarks
Let K be a field. Throughout this paper, R = R0 ⊕ R1 ⊕ R2 ⊕ · · · is a positively Z-graded K -algebra such that
R0 is a finite product of copies of K and each Ri is finite dimensional over K . When R satisfies these conditions and
is generated in degrees 0 and 1, we say that R is standardly graded. For example, every Koszul algebra is standardly
graded. By J = R1 ⊕ R2 ⊕ · · · we denote the graded Jacobson radical of R, by Mod(R) we denote the category
of left R-modules, and by Gr(R), the category of graded left R-modules and degree 0 homomorphisms. We denote
by mod(R) and gr(R) the full subcategories of Mod(R) and Gr(R) respectively, consisting of finitely generated left
modules. We also set R/J = k. The usual shift of graded R-modules is defined as follows: if M ∈ Gr(R) and n ∈ Z,
then M[n] is the graded R-module X =⊕m∈Z Xm where Xm = Mm+n .
Let M ∈ Gr(R) be a graded R-module having the property Mi = 0 for all i ≤ n0 for some integer n0. By our
assumptions, M has a minimal graded projective R-resolution; that is, there is a graded projective resolution in Gr(R):
· · · → P2 δ2−→ P1 δ1−→ P0 δ0−→M → 0
with δn(Pn) ⊆ J Pn−1. This resolution is unique up to a graded isomorphism. We set Ωn(M) to be the nth syzygy of
such a minimal resolution.
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Let S be the Ext-algebra of R, S = ⊕n≥0 ExtnR(k,k). As a K -algebra S is positively Z-graded via the Yoneda
product; however, S is not, in general, standardly graded since it need not be generated in degrees 0 and 1. In fact, if
S is also standardly graded then R is called a Koszul algebra. The functor we are about to define plays a central role
in the rest of the paper. Let
E : Gr(R)→ Gr(S)
be defined by E(M) =⊕n≥0 ExtnR(M,k) with the left S-module structure on E(M) induced by the Yoneda product,
and we define E in the obvious way on morphisms. For a graded module M , we let its truncation M≥n be the graded
submodule
⊕
j∈Z X j where X j = 0 if j < n and X j = M j if j ≥ n.
The paper is organized as follows: In Section 2 we study the finitely generated graded R-modules M having the
property that their Ext-modules
⊕
n≥0 ExtnR(M,k) are finitely generated over the Ext-algebra
⊕
n≥0 ExtnR(k,k) of
R. Amongst other results, we prove that if every module in gr(R) has a finitely generated Ext-module, then R is
left noetherian. Section 3 deals with the finitely generated graded R-modules having linear truncations; that is, with
modules of the form M = ⊕i Mi having the property that for some n, the module Mn ⊕Mn+1⊕· · · is linear (defined
in Section 3) after shifting back n units. We denote by TLin(R) the subcategory of gr(R) consisting of these modules
and we study this subcategory. We prove that if R is a Koszul algebra of finite global dimension, then R being left
noetherian is equivalent to every module in gr(R) having a linear truncation, and is also equivalent to every module
in gr(R) having a finitely generated Ext-module. Section 4 of the paper deals with the “weakly Koszul property”
and we assume throughout this section that R is a Koszul algebra. More precisely, we study those graded R-modules
whose syzygies become eventually weakly Koszul. (A finitely generated graded R-module M is weakly Koszul if its
Ext-module is linear over the Ext-algebra of R). In the noetherian case, we obtain a characterization of the modules
having the weakly Koszul property, and also show that they are precisely the modules whose Ext-modules are finitely
generated over the Ext-algebra of R. In Section 5 we study in more detail what it means for a Koszul algebra to be
noetherian on one side. In Theorem 5.1 we find equivalent conditions when a Koszul algebra R and its Ext-algebra
S are both noetherian and both satisfy the Koszul truncation property. Finally for a (graded) algebra with Jacobson
radical J , we give a necessary and sufficient condition for the Ext-algebra of R to be left noetherian assuming that
every syzygy of the module k = R/J is finitely generated.
We end this section by stating a useful, well-known result whose proof we include for completeness.
Lemma 1.1. Let R be a graded K -algebra and M ∈ Gr(R) be a graded R-module.
(1) If R≥1 is a finitely generated left R-module, then M ∈ gr(R) if and only if M≥n ∈ gr(R) for all n and Mm = 0
for m < n0 for some n0 ∈ Z.
(2) If Mi = 0 for all i ≤ n0 for some integer n0, then E(Ωn(M)) = E(M)≥n for all n ≥ 0.
Proof. (1) Assume that M≥n ∈ gr(R) for all n and Mm = 0 for m < n0 for some n0 ∈ Z. It follows from this that
M = M≥n0 , and therefore M ∈ gr(R).
Conversely, since M is finitely generated, we may assume that M has a minimal system of t homogeneous
generators. Suppose that these generators lie in degrees i1 ≤ · · · ≤ it (where i1, . . . , it are not necessarily distinct).
Since R is positively Z-graded, we have M = M≥i1 . By induction it is enough to show that M≥i1+1 is finitely
generated. Consider the canonical surjective homomorphism f : ⊕tj=1 R[−i j ] → M associated to the generators of
M . Let f≥i1+1 be the map given by the restriction of f to the module
X = (⊕ j with i j=i1 R≥1[−i1])⊕ (⊕ j with i j>i1 R[−i j ]).
Thus the image of fi1+1 is M≥i1+1. Since R≥1 is finitely generated, the module X is finitely generated implying that
M≥i1+1 is as well.
We now prove part (2). Let
· · · → P2 δ2−→ P1 δ1−→ P0 δ0−→M → 0
be a minimal graded projective R-resolution of M . By the minimality of the resolution and since k = R/J is
semisimple, we have an isomorphism ExtnR(M,k) ∼= HomR(Ωn(M),k) for all n ≥ 0. Fixing n, we see that
· · · → Pn+2 δn+2−−→ Pn+1 δn+1−−→ Pn δn−→ Ωn(M)→ 0
is a minimal graded projective resolution of Ωn(M) and the result follows. 
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For the assumption in part (1) in the above lemma, we remark that, if R is Koszul or left noetherian, then R≥1 is
finitely generated as a left R-module.
Finally, we recall the well-known result that a graded algebra R is (left) noetherian if and only if it is graded (left)
noetherian [8, Proposition 1.6.9].
2. Finite generation of Ext-modules
Throughout this section, R is a standardly graded K -algebra, with Ext-algebra S =⊕n≥0 ExtnR(k,k), and where
E : Gr(R)→ Gr(S)
is the Ext functor defined in the previous section. We note that S is a graded K -algebra in our sense if and only if k
has a finitely generated projective resolution over R.
In this section we study the properties of the graded R-modules M having the property that E(M) is finitely
generated over S, and we call such modules Ext-finite. Let Efin(R) be the full subcategory of Gr(R) consisting of Ext-
finite modules. It is very easy to see that an Ext-finite R-module M is finitely generated since, in particular, Ext0R(M,k)
is finite dimensional over K . It is also immediate that every graded simple R-module and every finitely generated
graded R-module of finite projective dimension having a finitely generated projective resolution is in Efin(R). One of
our goals is to understand how properties of Efin(R) relate to the noetherianity of R and S, and of graded modules.
The next result gives a criterion for the algebra R to be left noetherian.
Lemma 2.1. Assume that k has a finitely generated projective resolution over R. Let I be a homogeneous left ideal of
R such that R/I is Ext-finite. Then I is finitely generated. In particular, if all graded cyclic R-modules are in Efin(R),
then R is left noetherian.
Proof. Suppose that I is a homogeneous ideal in R such that E(R/I ) is finitely generated. Then Ext1R(R/I,k) is finite
dimensional, since S is a graded algebra in our sense. The sequence
HomR(R,k)→ HomR(I,k)→ Ext1R(R/I,k)→ 0
is exact, so that HomR(I,k) is finite dimensional. Thus I is finitely generated since I/J I is finite dimensional. The
last part of the proof is immediate. 
The following result is immediate.
Corollary 2.2. Assume that k has a finitely generated projective resolution over R. If Efin(R) = gr(R), then R is left
noetherian. 
In the next theorem we provide some basic properties of the category Efin(R), and we also show that if R has finite
global dimension, the converse of the previous corollary is also true.
Theorem 2.3. Let R be a standardly graded K -algebra such that k has a finitely generated projective resolution
over R.
(1) If Ω1R(k) is in Efin(R), then the category Efin(R) is closed under syzygies.
(2) If R is left noetherian and M ∈ gr(R), then M ∈ Efin(R) if and only if for some n ≥ 0, Ωn(M) ∈ Efin(R).
(3) If S is left noetherian, then Efin(R) is closed under extensions.
(4) If R is of finite global dimension, then R is left noetherian if and only if Efin(R) = gr(R).
(5) If S is left noetherian, then every graded R-module of finite length is in Efin(R).
Proof. To prove (1), first assume that Ω1R(k) is in Efin(R). Since E(Ω1R(k)) = S≥1, the left S-module S≥1 is
finitely generated by assumption. Now suppose that M is Ext-finite, that is, E(M) is finitely generated. Then, using
Lemma 1.1(1), we have that the module E(M)≥n is finitely generated for all n ≥ 0. So, from Lemma 1.1(2),
E(Ωn(M)) = E(M)≥n , and we conclude that Ωn(M) ∈ Efin(R) for all n ≥ 0.
To prove (2), we need to show that if Ωn(M) ∈ Efin(R) for some n ≥ 0 then M ∈ Efin(R). Since M is in gr(R), M
is finitely generated. Since R is left noetherian, every projective module in a minimal graded projective R-resolution
of M is finitely generated. It follows that, for each n ≥ 0, ExtnR(M,k) is finite dimensional over K . Now we are
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assuming that E(Ωn(M)) is a finitely generated S-module, and by Lemma 1.1(2), E(Ωn(M)) = E(M)≥n . Consider
the short exact sequence of graded S-modules
0→ E(M)≥n → E(M)→ E(M)/E(M)≥n → 0.
Since E(M)≥n is finitely generated and E(M)/E(M)≥n is finite dimensional, we conclude that E(M) is a finitely
generated S-module and hence M ∈ Efin(R).
For the proof of part (3), let us assume that S is left noetherian and that
0→ A → B → C → 0
is a short exact sequence of graded R-modules with A,C ∈ Efin(R). We need to show that B ∈ Efin(R). Applying the
functor E to the short exact sequence, we get an exact sequence
E(C)→ E(B)→ E(A).
Since E(C) is finitely generated, its image in E(B) is finitely generated. Since E(A) is finitely generated and S is left
noetherian, the image of E(B) in E(A) is finitely generated. Thus E(B) is the middle term of a short exact sequence
whose end terms are finitely generated, so E(B) is also finitely generated, and we conclude that B ∈ Efin(R).
Part (4) follows trivially from Corollary 2.2 and from the definition of the Ext-finiteness property.
Finally, to prove (5), we note that every graded simple R-module is in Efin(R), since the image under E is a finitely
generated projective S-module. We proceed by induction on the length of a module. If the length of an indecomposable
graded module is 1, then the module is a simple graded module and we are done. Now assume that all modules
X ∈ gr(R) of length at most k − 1 are in Efin(R). Let M ∈ gr(R) be of length k. Let M ′ be a maximal graded
submodule of M of length k − 1. Then we have a short exact sequence of graded R-modules
0→ M ′ → M → M/M ′ → 0.
Since M/M ′ is a simple R-module, we see that M ′ and M/M ′ are both in Efin(R). By part (3) above, it follows that
M ∈ Efin(R) and part (5) follows. 
We remark that it follows immediately from (1) that if M ∈ Efin(R), then M has a finitely generated projective
resolution over R.
Note that if the standardly graded algebra R is either finite dimensional or Koszul, then k has a finitely generated
projective resolution over R. In particular we have the following corollary.
Corollary 2.4. Let R be a standardly graded algebra, with left noetherian Ext-algebra S. If R is finite dimensional,
then Efin(R) = gr(R). 
We are interested when Efin(R) = gr(R). We see by Theorem 2.3(3) that, at times, Efin(R) is extension closed. In
this setting, the following easy result provides a method for determining if Efin(R) = gr(R).
Proposition 2.5. Let Σ = Σ0 ⊕ Σ1 ⊕ Σ2 ⊕ · · · be a graded ring and A be a subcategory of gr(Σ ) closed under
extensions. Then A = gr(Σ ) if and only if every graded cyclic module is in A.
Proof. Suppose that every graded cyclic module is in A. The proof that if M ∈ gr(Σ ) then M ∈ A, follows by an
easy induction on the number of generators of M . 
The Ext-algebra S of R is positively Z-graded with graded components Sn = ExtnR(k,k) for each n ≥ 0, and it is
immediate that modulo its graded radical, S is also isomorphic to k. Let T =⊕n≥0 ExtnS(k,k) be the Ext-algebra of
S. If X ∈ Gr(S), then⊕n≥0 ExtnS(X,k) is a graded left T -module via the Yoneda product. This next observation will
be used later in the paper.
Lemma 2.6. Let R be a standardly graded K -algebra and S and T as above. Let M ∈ Gr(R). If⊕
n≥0 ExtnS(E(M),k) is a finitely generated T -module, then M ∈ Efin(R).
Proof. If
⊕
n≥0 ExtnS(E(M),k) is a finitely graded T -module, then E(M) is Ext-finite over S, in particular it is a
finitely generated S-module. This implies that M ∈ Efin(R). 
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3. Modules having linear truncations
We begin the section with a very brief look at linear modules. Let R be a standardly graded K -algebra. We say that
a module M ∈ gr(R) is a linear module if there is a graded projective R-resolution of M ,
· · · → P2 δ2−→ P1 δ1−→ P0 δ0−→M → 0
such that, for each n ≥ 0, Pn is finitely generated and generated in degree n. A linear projective resolution is always
minimal, and we call such a resolution a linear resolution. We denote by Lin(R) the full subcategory of gr(R)
consisting of all the linear modules. It follows easily from the definition that if M is a linear module, then so are
the graded shifts Ωn(M)[n] of its syzygies. Note that the finitely generated graded projective R-modules generated in
degree 0 are automatically in Lin(R). A priori, these might be the only linear modules. Note that R is a Koszul algebra
if and only if every simple graded R-module generated in degree 0 is a linear module, or equivalently if k ∈ Lin(R)
where k is viewed as a graded R-module with support in degree 0. It is well known that every Koszul algebra is a
quadratic algebra, and that these notions are equivalent in the global dimension two case [3], or when the algebra is
a monomial quotient of a path algebra [4]. If R is a Koszul algebra, then so is its Ext-algebra S and the functor E
restricts to the usual Koszul duality
E : Lin(R)→ Lin(S).
We recall some basic properties of linear modules. For proofs the reader may consult [3].
Theorem 3.1. Let R be a standardly graded K -algebra.
(1) The category Lin(R) is closed under extensions and cokernels of monomorphisms.
(2) If M ∈ Lin(R), then E(M) is generated in degree 0 as a graded S-module. Hence, the category Lin(R) is a
subcategory of Efin(R).
(3) If R is a Koszul algebra and M ∈ Lin(R), then the R-module J nM[n] = M≥n[n] is linear for all n ≥ 0.
(4) If R is a Koszul algebra and M is a linear R-module, then E(ΩM) = JE(M)[1] and E(JM) = ΩE(M)[1]. 
Even though the kernels of epimorphisms of linear modules need not be linear, they come close. The next result
describes some of their properties.
Proposition 3.2. Let R be a standardly graded K -algebra and let f : B → C be a graded epimorphism of linear
R-modules. Let A = Ker ( f ).
(1) The module A is generated in at most two degrees: 0 and 1.
(2) If R is a Koszul algebra, then, for n ≥ 0, Ωn(A) is generated in at most two degrees: n and n + 1.
(3) If R is a Koszul algebra, then the truncated module A≥1[1] ∈ Lin(R).
Proof. Let pB : PB → B and pC : PC → C be the graded projective covers of B and C respectively, and let X be the
kernel of the composition f ◦ pB .
Consider the following commutative exact diagram:
0

0

Ω1(B)

Ω1(B)

0 // X

// PB
pB

f pB // C // 0
0 // A

// B

f // C // 0
0 0
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Thus PB ∼= PC ⊕ P ′ from the middle row of the above diagram. From the exact sequence 0 → X → PC ⊕ P ′ →
C → 0, we see that X ∼= Ω1(C) ⊕ P ′. Note that P ′ is a graded projective module generated in degree 0 being a
summand of PB . We easily deduce that Ω1(C) is generated in degree 1 since C ∈ Lin(R). Note that if P ′ = 0 then
X = Ω1(C) and we have an exact sequence
0→ Ω1(B)→ Ω1(C)→ A → 0
and by the previous theorem A satisfies parts (1)–(3) of the proposition. Therefore for the remainder of the proof we
may restrict ourselves to the case where P ′ 6= 0. Thus X is generated in degrees 0 and 1. Since X maps also onto A it
follows that A too is generated in degrees 0 and 1.
Next, we prove part (3). From the exactness of the exact sequence
0→ Ω1(B)→ X → A → 0
we obtain by a simple truncation the following short exact sequence
0→ Ω1(B)≥1 → X≥1 → A≥1 → 0.
Since B and C are linear modules and X can be replaced by Ω1(C)⊕ P ′, we get the exact sequence
0→ Ω1(B)→ Ω1(C)⊕ P ′≥1 → A≥1 → 0.
Assuming that R is a Koszul algebra, since P ′ is a graded projective module generated in degree 0, Theorem 3.1(4),
implies that P ′≥1[1] = J P ′[1] is linear. Shifting back we have the exact sequence
0→ Ω1(B)[1] → Ω1(C)[1] ⊕ P ′≥1[1] → A≥1[1] → 0.
Since Ω1(B)[1] and Ω1(C)[1] ⊕ P ′≥1[1] are linear modules, the result follows from Theorem 3.1(1).
Finally, we prove (2), again under the assumption that P ′ 6= 0. Assume that R is a Koszul algebra and consider the
short exact sequence
0→ A≥1 → A → A/A≥1 → 0.
Since A is generated in degrees 0 and 1 by part (1), A/A≥1 ∼= A0 which is a semisimple graded R-module with
support in degree 0. Since R is a Koszul algebra, A0 is a linear module. By part (3), A≥1[1] is a linear module. Let
· · · → PnA≥1 → Pn−1A≥1 → · · · and · · · → PnA0 → Pn−1A0 → · · · denote minimal linear resolutions of A≥1 and A0
respectively. By the Horseshoe Lemma, there is a graded projective R-resolution · · · → PnA → Pn−1A → · · · of A
such that the nth projective PnA is P
n
A≥1 ⊕ PnA0 . Since A0 and A≥1[1] are both linear modules, it follows that PnA is
generated in degrees n and n + 1. Hence Ωn(A) is generated in degrees n and n + 1 and part (2) follows. 
We now introduce a category which we study for the remainder of this section. We say that a finitely generated
graded module M has a linear truncation if M≥n[n] ∈ Lin(R) for some n ∈ Z. Let TLin(R) denote the full
subcategory of gr(R) consisting of graded modules which have linear truncations. Recall that a subcategory of gr(R)
is resolving if it is closed under extensions, kernels of epimorphisms and contains the projective modules. The first
result is an immediate consequence of the preceding observations.
Proposition 3.3. Let R be a Koszul algebra.
(1) Every graded R-module of finite length is in TLin(R).
(2) TLin(R) is a resolving subcategory of gr(R).
(3) TLin(R) is closed under cokernels of monomorphisms.
Proof. The proof of part (1) is trivial.
For (2), it is clear that the finitely generated projective R-modules are in TLin(R). Let 0→ A → B → C → 0 be
a short exact sequence in gr(R). If both A and C have linear truncations, then there exists an integer n such that both
A≥n and C≥n are linear modules, up to shift. Hence, in the induced exact sequence 0 → A≥n → B≥n → C≥n → 0,
the two ends are linear after shifting back to degree zero. Then B ∈ TLin(R) by Theorem 3.1 and TLin(R) is closed
under extensions. To prove that TLin(R) is closed under kernels of epimorphisms, consider a short exact sequence
0 → A → B → C → 0 of graded modules where B and C have linear truncations. Again, this gives rise to
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a sequence 0 → A≥n → B≥n → C≥n → 0 for some n such that both B≥n and C≥n are linear up to shift. By
Proposition 3.2 we obtain that A≥n+1[n + 1] is linear hence A too has a linear truncation. This proves that the
subcategory TLin(R) is resolving.
To prove part (3) we proceed in a similar fashion: Let 0 → A → B → C → 0 be a short exact sequence
in Gr(R), and suppose that A and B have linear truncations. Since B is finitely generated, so is C . There is
also an integer n such that both A≥n[n] and B≥n[n] are linear modules. We again consider the exact sequence
0 → A≥n → B≥n → C≥n → 0 and, by Theorem 3.1(2), we infer that C≥n[n] is a linear module. We conclude
that TLin(R) is closed under cokernels of monomorphisms. 
We have the following consequence of the last proposition.
Corollary 3.4. Suppose that R is a Koszul algebra. Then TLin(R) = gr(R) if and only if every graded cyclic module
is in TLin(R).
Proof. By Proposition 3.3(2), TLin(R) is closed under extensions and the result follows from Proposition 2.5. 
Next we study how the modules in TLin(R) behave with respect to taking syzygies and radicals.
Theorem 3.5. Let R be a standardly graded K -algebra and let S be its Ext-algebra, S =⊕n≥0 ExtnR(k,k).
(1) If M ∈ gr(R) and R is a Koszul algebra, then M ∈ TLin(R) if and only if J M ∈ TLin(R).
(2) Assume that R is a Koszul algebra and M ∈ gr(R). If the first syzygy Ω1(M) has a linear truncation, then so does
M. If in addition R is a left noetherian Koszul algebra, then M ∈ TLin(R) if and only if Ωn(M) ∈ TLin(R) for all
n ≥ 0.
(3) If S is left noetherian, then TLin(R) is a subcategory of Efin(R).
(4) If S is left noetherian and R/I ∈ TLin(R) for all homogeneous left ideals I , then R is left noetherian.
Proof. For part (1), we note that the finite generation of M implies that there is some n such that M≥n is generated in
degree n. If s ≥ n+ 1, then (JM)s = R1Ms−1 and hence (JM)≥n+1 = M≥n+1. Since R is a Koszul algebra, part (1)
follows.
We now prove part (2). Suppose that R is a Koszul algebra, that the graded module M is finitely generated and that
Ω1(M) has a linear truncation. We have a short exact sequence of graded R-modules
0→ Ω1(M)→ PM → M → 0
where PM → M is a graded projective cover. For each n ≥ 0, this sequence induces the short exact sequence
0→ Ω1(M)≥n[n] → (PM )≥n[n] → M≥n[n] → 0.
Since R is a Koszul algebra, (PM )≥n[n] is a linear module for each n and the fact that M has a linear truncation
now follows from Theorem 3.1(1). For the second part of (2), now assume that R is also left noetherian. Let M
be a finitely generated graded R-module. We need to show that if M has a linear truncation, then so does Ω1(M).
Since R is noetherian, Ω1(M) is finitely generated. Consider again as above the short exact sequence of graded
R-modules 0 → Ω1(M) → PM → M → 0 and the induced short exact sequence 0 → Ω1(M)≥n[n] →
PM≥n [n] → M≥n[n] → 0. Since R is a Koszul algebra, we can apply Proposition 3.2(3), and we obtain that
(Ω1(M)≥n[n])≥1[1] = Ω1(M)≥n+1[n + 1] is a linear module. Hence Ω1(M) has a linear truncation and the proof of
part (2) is also complete.
We now turn our attention to part (3). Suppose that the Ext-algebra S is noetherian and that M has a linear
truncation. We wish to prove that M is Ext-finite. Let n be such that M≥n[n] is a linear module. The module E(M≥n)
is finitely generated (since it is a linear module). Now M/M≥n has finite length and by Theorem 2.3(5), M/M≥n is
also Ext-finite. To the short exact sequence of graded R-modules
0→ M≥n → M → M/M≥n → 0
we apply the Ext-functor E , and obtain the following exact sequence of S-modules
E(M/M≥n)→ E(M)→ E(M≥n).
Since the two end modules are finitely generated and the algebra S is noetherian, we conclude that E(M) is finitely
generated and this completes part (3). Finally, part (4) follows from part (3) and Lemma 2.1. 
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We have the following consequence of the above theorem.
Corollary 3.6. Let R and S be as in Theorem 3.5. If S is left noetherian and TLin(R) = gr(R), then R is left
noetherian. 
Theorem 3.7. Let R be a Koszul algebra of finite global dimension. The following statements are equivalent.
(1) R is left noetherian.
(2) TLin(R) = gr(R).
(3) Efin(R) = gr(R).
Proof. Note that since R is of finite global dimension, S = ⊕n≥0 ExtnR(k,k) is finite dimensional and hence
left noetherian. The equivalence (1) ⇔ (3) follows from Theorem 2.3(4). The implication (2) ⇒ (1) follows from
Corollary 3.6. The proof of (1)⇒ (2) can be found in [7] and we sketch the proof for completeness.
Suppose that R is a left noetherian Koszul algebra of finite global dimension and M ∈ gr(R). Let
0→ Pn → Pn−1 → · · · → P1 → P0 → M → 0
be a minimal graded projective R-resolution of M . Note that, for each n, Pn is a finite direct sum of graded projective
modules, each of which is generated in exactly one degree. It follows that Pn≥m is a direct sum of shifted linear modules
for each m greater than the largest degree of a generator of Pn since R is a Koszul algebra. Let m be the maximal
of the degrees of the generators of the P i s, for 0 ≤ i ≤ n. Then we get an exact resolution of M≥m[m] with linear
R-modules
0→ Pn≥m[m] → Pn−1≥m [m] → · · · → P0≥m[m] → M≥m[m] → 0.
Since Lin(R) is closed under cokernels of monomorphisms, we see that Ωn−1≥m (M)[m] is a linear module. Continuing
in this fashion, we conclude that M≥m[m] is a linear module and hence M ∈ TLin(R). This completes the proof. 
Avramov and Eisenbud have shown in [1] that, in the Koszul commutative noetherian case, the finiteness of the
global dimension is not needed to prove that every finitely generated graded module has a linear truncation. Their
result has been generalized more recently in [6] to graded noetherian algebras having a balanced dualizing complex.
See also [9] for other related results.
4. Weakly Koszul syzygy property
An important problem in noncommutative ring theory is the classification of Artin–Schelter regular algebras.
Such algebras are always of finite global dimension and are often Koszul algebras. Although they are of finite
Gelfand–Kirillov dimension, we do not know if they are always noetherian.
Throughout this section, we assume that all our graded algebras R are Koszul. We say that a graded R-module M
is weakly Koszul if E(M) is a linear S-module. This concept was defined in [3] (called strongly quasi-Koszul there)
and later studied in [7]. Independently, Herzog and Iyengar [5] have also studied these modules and have called them
Koszul modules. Clearly, every weakly Koszul module is Ext-finite. We recall the following from [3], and sketch a
proof below for the convenience of the reader.
Lemma 4.1. Let R be a Koszul algebra with Koszul dual S and let M be a weakly Koszul R-module. Then JM and
Ω(M) are also weakly Koszul.
Proof. Since M is weakly Koszul, we have E(Ω1(M)) = JE(M)[1]. By Theorem 3.1 JE(M)[1] is a linear S-module
since E(M) is linear. Hence Ω1(M) is also a weakly Koszul module. For JM , the induced map E(M/JM)→ E(M)
is an isomorphism in degree zero, and therefore a surjective map totally, since E(M) is linear. It follows that
E(JM)[−1] = Ω1(E(M)), hence JM is weakly Koszul. 
We say that a finitely generated R-module has the weakly Koszul syzygy property, if, for some n ≥ 0, Ωn(M) is
weakly Koszul. We let WKsyz(R) denote the full subcategory of gr(R) consisting of the graded R-modules having
the weakly Koszul syzygy property. Obviously WKsyz(R) is closed under syzygies and contains the weakly Koszul
modules. Also, if the global dimension of R is finite, then every finitely generated module has the weakly Koszul
syzygy property (the zero module is weakly Koszul).
We begin with some of the basic properties of modules having the weakly Koszul syzygy property.
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Proposition 4.2. Let R be a Koszul algebra with Koszul dual S.
(1) If R is left noetherian, thenWKsyz(R) ⊆ TLin(R).
(2) If gr(S) = TLin(S) and Efin(R) = gr(R), thenWKsyz(R) = gr(R).
(3) If R is finite dimensional and S is left noetherian, thenWKsyz(R) = gr(R).
Proof. (1): Let M be a finitely generated R-module and assume that ΩnM is weakly Koszul for some positive integer
n. A minimal graded projective resolution of M gives rise to the following exact sequence:
0→ Ωn(M)→ Pn−1 → Pn−2 → · · · → P0 → M → 0.
It follows from Ro¨mer’s result [10] and also from [7] that Ωn(M)≥t [t] is linear for some positive integer t . Next we
truncate the above sequence at t to obtain a long exact sequence of shifts of linear modules
0→ Ωn(M)≥t → Pn−1≥t → Pn−2≥t → · · · → P0≥t → M≥t → 0.
We can infer our assertion from the noetherianity of R and Theorem 3.1(1). The second part of the proposition is
essentially proved in [7]: If M is a finitely generated R-module, then E(M) is finitely generated over S and then it has
a linear truncation. So for a large enough n, the S-module E(M)≥n[n] is linear. But this means that Ωn(M) is weakly
Koszul over R, and finally, part (3) follows from Corollary 2.4, Theorem 3.7 and (2). 
We now state the main result of this section.
Theorem 4.3. Let R be a left noetherian Koszul algebra, S be its Koszul dual, and let M be a finitely generated
graded R-module. Consider the following four conditions:
(1) M ∈WKsyz(R).
(2) E(E(M)) =⊕n≥0 ExtnS(E(M),k) is a finitely generated R-module.
(3) M ∈ Efin(R).
(4) There exists a non-negative integer t such that E(Ω tM) is generated in degree zero over S.
Then, conditions (1) and (2) are equivalent and so are conditions (3) and (4). Furthermore,
conditions (1) and (2) imply both (3) and (4), and, if gr(S) = TLin(S), then the four conditions are equivalent.
Proof. The implication (2)⇒ (1) is proved in [5] and (2)⇒ (3) by Lemma 2.6.
We now show that (3) ⇒ (4): let M ∈ gr(R) be Ext-finite. Thus E(M) has a minimal system of homogeneous
generators lying in degrees less than or equal to some positive integer t . Hence E(M)≥t is generated in degree t , but
this is just equivalent to E(Ω tM) being generated in degree zero.
To see that (4) ⇒ (3), assume that, for some positive integer t , the S-module E(Ω tM) = E(M)≥t [t] is generated
in degree zero. We now use the fact that E(ΩnM) = E(M)≥n[n], and obtain a short exact sequence of S-modules
η : 0 −→ E(M)≥n −→ E(M) −→ E(M)/E(M)≥n −→ 0.
Then we can realize E(M) as an extension of two finitely generated S-modules and this proves (3).
We now prove the implication (1) ⇒ (2). Starting with the module M ∈ WKsyz(R), we can again construct an
exact sequence η as above for some positive integer n, and then we apply E to this sequence η. We obtain the exact
sequence of R-modules
E(E(M)/E(M)≥n) −→ E(E(M)) −→ E(E(M)≥n)
where the two ends are finitely generated by Theorem 2.3. The noetherianity of R takes care of the rest.
Finally, if gr(S) = TLin(S), then (3)⇒ (1) by [7]. 
We end this section with an example of a finite dimensional Koszul algebra R having the property that gr(R) =
WKsyz(R) but gr(S) 6= TLin(S), where S is the Koszul dual of R.
Example 4.4. Let Q be a quiver such that the path algebra R = KQ is not left noetherian. For example, if Q is the
quiver with one vertex and two loops, then R is the free algebra in two variables. Let S be the Koszul dual of R. It
follows that S is isomorphic to the path algebra KQop modulo the square of the ideal generated by the arrows ofQop.
For any finitely generated graded S-module M , if n ≥ 1, the indecomposable summands of Ωn(M) are projective
or simple modules. Hence M ∈ WKsyz(S) and we see that gr(S) = WKsyz(S). On the other hand, R is not left
noetherian, S is left noetherian (being finite dimensional) and hence by Corollary 3.6, gr(R) 6= TLin(R).
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5. Noetherianity and Koszul algebras
We assume throughout this section that R is a Koszul algebra and S is its Koszul dual. We begin with a result that
ties together most of the concepts we have introduced.
Theorem 5.1. Let R and S be Koszul duals of each other. Then the following statements are equivalent.
(1) Efin(R) = gr(R) and Efin(S) = gr(S).
(2) R and S are both left noetherian and, for every M ∈ gr(R), we have that⊕n≥0 ExtnS(E(M),k) ∈ gr(R) and, for
every N ∈ gr(S), we have that⊕n≥0 ExtnR(E(N ),k) ∈ gr(S).
(3) R and S are both left noetherian, and we haveWKsyz(R) = gr(R) and WKsyz(S) = gr(S).
(4) R and S are both left noetherian, and we have TLin(R) = gr(R) and TLin(S) = gr(S).
Proof. Assume (1). We see that R and S are left noetherian by Corollary 2.2. Let M ∈ gr(R). Since Efin(R) = gr(R),
we see that E(M) ∈ gr(S). But every finitely generated graded S-module is Ext-finite, hence ⊕n≥0 ExtnS(E(M),k) is
in gr(R). We proceed in a similar fashion for a module N ∈ gr(S), and this proves the implication (1) ⇒ (2). The
implication (2) ⇒ (3) follows from Theorem 4.3, and (3) ⇒ (4) follows from Proposition 4.2(1). Finally, (4)⇒ (1)
follows from Theorem 3.5(3). 
We remark that this theorem applies to some Artin–Schelter algebras. That is, if R is an Artin–Schelter algebra
which is noetherian and Koszul with Koszul dual S, then, since R has finite global dimension, the last part of the
theorem above is satisfied by Theorem 3.7 and hence all parts are satisfied. The following is an example of a Koszul
pair R, S satisfying the conditions of the Theorem where neither R nor S has finite global dimension.
Example 5.2. Let K be a field, K 〈x, y〉 the free algebra in two variables x, y, and R = K 〈x, y〉/〈x2, y2〉 and
S = K 〈x, y〉/〈xy, yx〉 = K [x, y]/〈xy〉. It is clear that R is Koszul being a quadratic monomial algebra [4], and
it is immediate to show that S is its Koszul dual. A K -basis for R is {1, x, y, xy, yx, xyx, yxy, . . .}, and for S is
{1, x, y, x2, y2, x3, y3, . . .}. It is easy to see that every graded left ideal in either R or S can be generated by at most
2 elements. Thus, R and S are graded left noetherian algebras and hence left noetherian algebras.
By Proposition 3.3(2), we see that both TLin(R) and TLin(S) are extension closed. Hence, to show that TLin(R) =
gr(R) and TLin(S) = gr(S), we need only show that all graded cyclic modules are in TLin(R) and TLin(S) by
Proposition 2.5. We do this for R and leave the analogous argument for S to the reader.
We begin with some notation. Let rx (n) be the basis element of R of length n ending with x and let ry(n) be
the basis element of R of length n ending with y. Let M be a graded cyclic R-module generated in degree 0. Then
M = R/a for some left ideal a in R, generated by homogeneous elements. If a = 0 then M = R is a Koszul module.
We have remarked that a can be generated by at most two elements. Hence we have a graded projective R-presentation
of M :
R[−n] ⊕ R[−m] f→ R → M → 0.
Choosing a graded basis for R[−n] ⊕ R[−m], we may associate to f a matrix A =
(
αrx (n)+ βry (n)
γ rx (m)+ δry (m)
)
, where
α, β, γ, δ ∈ K and n,m ≥ 1. It is now a direct computation to show that A reduces to one of the following forms:
(1)
(
rx (n)+ ϕry (n)
0
)
, with ϕ 6= 0.
(2)
(
rx (n)
ry (m)
)
, with n,m ≥ 1.
(3)
(
rx (n)
0
)
, with n ≥ 1,
(4)
(
ry (n)
0
)
, with n ≥ 1.
For forms (1) and (2), M is finite dimensional over K , and hence M ∈ TLin(R). For forms (3) and (4), M≥n is
isomorphic to a summand of (JR)≥n , where JR is the graded Jacobson radical of R. Since (JR)≥n, R≥n ∈ Lin(R), we
see that M≥n ∈ TLin(R). Thus we have shown that every graded cyclic R-module is in TLin(R) and we conclude that
TLin(R) = gr(R).
A similar argument shows that TLin(S) = gr(S) and hence, the equivalent conditions of Theorem 5.1 hold.
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If R is a monomial Koszul algebra, then it is possible to decide when its Koszul dual S is noetherian by studying
its (Ufnarovski) relation quiver: LetQ be a quiver and ρ a set of paths of length 2. We define the (Ufnarovski) relation
quiver of ρ, denoted RQ, to be the quiver with vertex set (RQ)0 = Q1; that is, the vertices of RQ are the arrows of
Q and arrow set, (RQ)1 is defined as follows. If a, b ∈ Q(RQ)0, then there is an arrow from a to b if ba ∈ ρ. We
note that RQ is dual to the Ufnarovski graph defined in [11]. We note that the Ufnarovski graph is defined in a much
more general context than we are presenting here. We give three examples for clarity.
Example 5.3. Let KQ = K 〈x, y, z, w〉 and ρ1 = {yx, yz, zy}. The relation quiver of ρ1 is
R1 = x // y '' zhh w
If ρ2 = {xy, zy, wz, yw}, then the relation quiver of ρ2 is
R2 = x yoo // z
~~
~~
~~
~~
w
``@@@@@@@@
and finally, if ρ3 = {x2, xy, y2, w2} then, the relation quiver of ρ3 is
R3 = x99 yoo ee z w ee
We state a special case of a more general theorem found in [11]. In a directed graph, the out-degree of a vertex is
the number of loops at the vertex plus the number of arrows leaving the vertex.
Theorem 5.4 (Ufnarovski 1991). Let K be a field,Q be a quiver and ρ be a set of paths of length 2. Set R = KQ/(ρ)
and S =⊕n≥0 ExtnR(R0, R0). Then the Ext-algebra S is left noetherian if and only if every vertex of the relation graph
RQ lying on an oriented cycle has out-degree 1. 
We note that there is an obvious right version of the theorem. Moreover, since R is a Koszul algebra and S has
the same quiver as R and relations generated by all the paths of length 2 not in ρ, we see that the relation graph of
S is, in fact, the Ufnarovski graph of R. Hence, one may apply the above theorem to determine the right and left
noetherianities of R. Also note that Ufnarovski’s theorem states that the algebra S is left noetherian if and only if
the path algebra KRQ is left noetherian. For our three examples, we have R/(ρ1) is left noetherian (but not right
noetherian), R/(ρ2) is not left noetherian (but is right noetherian) and R/(ρ3) is neither left nor right noetherian.
We also note that [2] gives a characterization of the monomial algebras R = KQ/I where Q is an oriented cycle
and such that the Ext-algebra S of R is noetherian.
Before stating the next theorem, we need some preliminary work.
Let Σ be a ring and let J be an ideal in Σ such that Σ/J is an artinian semisimple ring. In this setting, we say a
projective Σ -resolution
· · · → P2 δ2−→ P1 δ1−→ P0 δ0−→M → 0
of a Σ -module M is minimal if δn(Pn) ⊆ J Pn−1, for n ≥ 1. Given M and a fixed minimal projective resolution, we
let Ωn(M) denote the n-th syzygy of this resolution.
Suppose that A and B are Σ -modules having minimal projective Σ -resolutions PA and PB respectively. Let
f : A → B be a Σ -homomorphism. For each n, we fix a lifting Ωn( f ) : Ωn(A) → Ωn(B). We define Ψn( f ) =
KerΩn( f ). If f is surjective and Ker f = L , we define
Ψn(L ⊆ A) := Ψn( f ).
Theorem 5.5. Let Σ be a (graded) algebra with (graded) Jacobson radical J such that k = Σ/J is an artinian
semisimple ring. Suppose that k has a minimal projective resolution over Σ . Let S be the Ext-algebra S =
⊕i≥0 ExtiΣ (k,k).
(1) If k has a syzygy over Σ which is not a finitely generated Σ -module, then S is not left noetherian.
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(2) Suppose that all the syzygies over Σ of k are finitely generated Σ -modules. Then S is left noetherian if and only
if, for each collection of submodules {Mn ⊆ Ωn(k)}n≥0 satisfying, for each n ≥ 0,
(a) JΩn(k) ⊆ Mn ,
(b) Mn ⊆⋂n−1i=0 Ψn−i (M i ⊆ Ω i (k))+ JΩn(k),
we have that Mn =⋂n−1i=0 Ψn−i (M i ⊆ Ω i (k))+ JΩn(k) for all n  0.
Proof. The proof of (1) is straightforward and is left to the reader.
For (2), let · · · → Pn → Pn−1 → · · · → P1 → P0 → k → 0 be a minimal projective resolution of k over Σ
and let I be a graded ideal in S. First we want to describe the ideal I in terms of a family of submodules Mn of Ωn(k)
for all n ≥ 0. It is easy to see that ExtnΣ (k,k) is isomorphic to Homk(Ωn(k)/JΩn(k),k). Hence the degree n part In
of I corresponds to a kop-submodule β : In ↪→ Homk(Ωn(k)/JΩn(k),k). Through the duality (−)∗ = Homk(−,k)
of k-modules, we have the canonical morphism αX : X → X∗∗ for any k-module X . The submodule In corresponds
bijectively to a k-submodule Mn = Kerβ∗αΩn(k)/JΩn(k) of Ωn(k)/JΩn(k). The module Mn corresponds bijectively
to a Σ -submodule Mn of Ωn(k) with JΩn(k) ⊆ Mn . This describes each graded part of a graded ideal I in S as a
family ofΣ -submodules {Mn}n≥0 with JΩn(k) ⊆ Mn ⊆ Ωn(k) for all n ≥ 0. Indeed, note that a map f : Ωn(k)→ k
represents an element in In if and only if f |Mn = 0.
Next we characterize when a family of Σ -submodules {Mn}n≥0 with JΩn(k) ⊆ Mn ⊆ Ωn(k) for all n ≥ 0
corresponds to a graded ideal in S. Let {Mn}n≥0 be a family of Σ -modules such that JΩn(k) ⊆ Mn ⊆ Ωn(k) for all
n ≥ 0. By the above, the submodules Mn define k-submodules In of Sn . Now let f : Ω i (k)→ k represent an element
in Ii , that is, f |M i = 0. Hence the morphism f can be factored as
Ω i (k) pii→Ω i (k)/M i γ→k,
where pii is the natural projection for all i ≥ 0. The action of S0= kop is given through the kop-module structure
of Ii . So the family {Mn}n≥0 corresponds to a graded ideal in S if and only if, for each degree j and for each
homogeneous element η of degree j in S, we have η · f is in Ii+ j for all f in Ii . The product η · f can by computed
as ηΩ j ( f ), where Ω j ( f ) is some lifting of f . For example, we can choose Ω j ( f ) = Ω j (γ )Ω j (pii ). Hence η · f
can be represented by ηΩ j (γ )Ω j (pii ). Then η · f is in Ii+ j , for all η : Ω j (k) → k and for all f in Ii , if and only if
M i+ j ⊆ Ker ηΩ j (γ )Ω j (pii ), for all γ : Ω i (k)/M i → k and all η : Ω j (k)→ k.
If
M i+ j ⊆ KerΩ j (pii )+ JΩ i+ j (k) = Ψ j (M i ⊆ Ω i (k))+ JΩ i+ j (k),
then η · f is in Ii+ j , for any f in Ii , since Ψ j (M i ⊆ Ω i (k))+ JΩ i+ j (k) is contained in Ker ηΩ j (γ )Ω j (pii ), for all
γ : Ω i (k)/M i → k and all η : Ω j (k)→ k.
Conversely, suppose that M i+ j ⊆ Ker ηΩ j (γ )Ω j (pii ), for all γ : Ω i (k)/M i → k and all η : Ω j (k) → k. Let t
be an integer and let ν : Ω i (k)/M i → kt be such that any morphism γ : Ω i (k)/M i → k factors through ν. Since
Ω i (k)/M i is semisimple, the morphism ν is a split monomorphism. Therefore Ω j (ν) : Ω j (Ω i (k)/M i ) → Ω j (k)t
is a split monomorphism too. Let l be an integer and let θ : Ω j (k)t → ktl be such that any morphism Ω j (k)t → k
factors through θ . It follows from this that the induced homomorphism
Ω j (Ω i (k)/M i ) Ω
j (ν)−−−→ Ω j (k)t → ktl
is a monomorphism, where X denotes the quotient X/I X for an Σ -module X . Since any morphism ηΩ j (γ ) factors
through
Ω j (Ω i (k)/M i ) Ω
j (ν)−−−→ Ω j (k)t → ktl ,
we infer that the intersection of all the kernels Ker ηΩ j (γ )Ω j (pii ), for all γ : Ω i (k)/M i → k and all η : Ω j (k)→ k,
is
KerΩ j (pii )+ JΩ i+ j (k) = Ψ j (M i ⊆ Ω i (k))+ JΩ i+ j (k).
Hence, M i+ j ⊆ Ψ j (M i ⊆ Ω i (k))+ JΩ i+ j (k). Consequently, η · f is in Ii+ j , for all η : Ω j (k)→ k and for all f in
Ii , if and only if M i+ j ⊆ Ψ j (M i ⊆ Ω i (k))+ JΩ i+ j (k), for all i and j .
This shows that the conditions (a) and (b) in part (2) characterize when a family of Σ -submodules {Mn}n≥0 of the
syzygies of k corresponds to a left ideal in S. The claim in (2) is now a direct consequence of this. 
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We end this section with an application of the above theorem. LetQ be a finite quiver and letQ∗0 denote the vertices
ofQ which have no directed paths to an oriented cycle inQ. We fix a field K and an ideal I in KQ which is contained
in the square of the ideal generated by the arrows of Q. Denoting KQ/I by Λ, J the ideal generated by the arrows of
Q, and k = Λ/J , we see that if S = kv∗ with v∗ ∈ Q∗0, then the projective dimension of S as a Λ-module is finite.
We note that k has a minimal projective Λ-resolution if either Λ is finite dimensional, or, more generally, I
has a finite Gro¨bner basis for some admissible order. For a Λ-module A, we note that if f : Ωn(k) → A,
Mn = Ker ( f )+ JΩn(k), and Mn+k = Ψk( f )+ JΩn+k(k), then Ψl(Mn ⊆ Ωn+l(k)) ⊆ Ψl−k(Mn+k ⊆ Ωn+l(k)),
for all l ≥ 1 and 0 ≤ k ≤ l. We now state the application.
Theorem 5.6. Let Q be a finite quiver,Q∗0 denote the vertices of Q which have no directed paths to an oriented cycle
in Q, K be a field, Λ = KQ/I , where I is an ideal in KQ contained in the square of the ideal generated by the
arrows of Q, and k = Λ/J , where J is the ideal in Λ generated by the arrows of Q. Assume that k has a minimal
projective Λ-resolution, · · · → Pn → · · · → P1 → P0 → k, so that there are an infinite number of integers n such
that, for some vertex v∗ ∈ Q∗0, Λv∗ is isomorphic to a summand of Pn . Then the algebra
⊕
n≥0 ExtnΛ(k,k) is not left
noetherian.
Proof. Let D − 1 be the maximum of the projective dimensions of the simple Λ-modules of the form kv∗ with
v∗ ∈ Q∗0. By our assumption, there is some vertex v∗ ∈ Q∗0 such that there is a sequence n1 < n2 < n3 < · · · such
that for each i ≥ 1, ni + D < ni+1 and Λv∗ is isomorphic to a summand of Pni . Set S = kv∗ and let fni : Pni → S
be a surjective Λ-homomorphism; set Mni = Ker ( fni ), for i ≥ 1. For j < n1, let M j = Ω j (k) = Ker (Ω j (k)→ 0).
We define M j recursively, for j = n1 + 1, . . . , n2 − 1 as follows:
M j = Ψ j−n1( fn1)+ JΩ j (k) = Ker (Ω j−n1( fn1))+ JΩ j (k).
It is easy to see that, for j = n1 + 1, . . . , n2 − 1,
M j ⊆
j−1⋂
i=0
Ψ j−i (M i ⊆ Ω i (k))+ JΩ j (k).
Furthermore, since ΩD(S) = 0, we see that for n1 + D ≤ j ≤ n2 − 1 and i ≤ j , each Ψ j−i (M i ⊆ Ω i (k)) = Ω j (k).
It follows that
n2−1⋂
i=0
Ψn2−i (M i ⊆ Ω i (k))+ JΩ j (k) = Ωn2(k).
We note that Mn2 is a proper submodule of Ωn2(k).
For j = n2 + 1, . . . , n3 − 1, define M j as follows:
M j = Ψ j−n2( fn2)+ JΩ j (k) = Ker (Ω j−n2( fn2))+ JΩ j (k).
Again we have that, for j = n2 + 1, . . . , n3 − 1,
M j ⊆
j−1⋂
i=0
Ψ j−i (M i ⊆ Ω i (k))+ JΩ j (k).
We also see that, since ΩD(S) = 0, for n2 + D ≤ j ≤ n3 and i ≤ j , Ψ j−i (M i ⊆ Ω i (k)) = Ω j (k). Hence,
n3−1⋂
i=0
Ψn3−i (M i ⊆ Ω i (k))+ JΩ j (k) = Ωn3(k),
and Mn3 is a proper submodule of Ωn3(k).
Continuing in this fashion, we construct {Mn}∞n=0 that satisfy (2)(a) and (2)(b) of Theorem 5.5 but there is no n
such that M j = ∩ j−1i=0 Ψ j−i (M i ⊆ Ω i (k)) + JΩ j (k), for all j ≥ n. By Theorem 5.5,
⊕
n≥0 ExtnΛ(k,k) is not left
noetherian. 
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